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Abstract. Presents parameter estimation methods common with discrete proba-
bility distributions, which is of particular interest in text modeling. Starting with
maximum likelihood, a posteriori and Bayesian estimation, central concepts like
conjugate distributions and Bayesian networks are reviewed. As an application,
the model of latent Dirichlet allocation (LDA) is explained in detail with a full
derivation of an approximate inference algorithm based on Gibbs sampling, in-
cluding a discussion of Dirichlet hyperparameter estimation.
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1 Introduction

This technical note is intended to review the foundations of Bayesian parameter esti-
mation in the discrete domain, which is necessary to understand the inner workings of
topic-based text analysis approaches like probabilistic latent semantic analysis (PLSA)
[Hofm99], latent Dirichlet allocation (LDA) [BNJO2] and other mixture models of
count data. Despite their general acceptance in the research community, it appears that
there is no common book or introductory paper that fills this role: Most known texts use
examples from the Gaussian domain, where formulations appear to be rather different.
Other very good introductory work on topic models (e.g., [StGr07]) skips details of
algorithms and other background for clarity of presentation.

We therefore will systematically introduce the basic concepts of parameter estima-
tion with a couple of simple examples on binary data in Section 2. We then will in-
troduce the concept of conjugacy along with a review of the most common probability
distributions needed in the text domain in Section 3. The joint presentation of conjugacy
with associated real-world conjugate pairs directly justifies the choice of distributions
introduced. Section 4 will introduce Bayesian networks as a graphical language to de-
scribe systems via their probabilistic models.

With these basic concepts, we present the idea of latent Dirichlet allocation (LDA)
in Section 5, a flexible model to estimate the properties of text. On the example of
LDA, the usage of Gibbs sampling is shown as a straight-forward means of approximate
inference in Bayesian networks. Two other important aspects of LDA are discussed
afterwards: In Section 6, the influence of LDA hyperparameters is discussed and an
estimation method proposed, and in Section 7, methods are presented to analyse LDA
models for querying and evaluation.



2 Parameter estimation approaches

We face two inference problems, (1) to estimate values for a set of distribution param-
eters 9 that can best explain a set of observations X and (2) to calculate the probability
of new observations X given previous observations, i.e., to find p(%|X). We will refer
to the former problem as the estimation problem and to the latter as the prediction or
regression problem.

The data set X = {xi}li('] can be considered a sequence of independent and identi-
cally distributed (i.i.d.) realisations of a random variable (r.v.) X. The parameters ¢ are
dependent on the distributions considered, e.g., for a Gaussian, ¢ = {u, o).

For these data and parameters, a couple of probability functions are ubiquitous in

Bayesian statistics. They are best introduced as parts of Bayes’ rule, which is':
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and we define the corresponding terminology:
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In the next paragraphs, we will show different estimation methods that start from simple
maximisation of the likelihood, then show how prior belief on parameters can be incor-
porated by maximising the posterior and finally use Bayes’ rule to infer a complete
posterior distribution.

2.1 Maximum likelihood estimation

Maximum likelihood (ML) estimation tries to find parameters that maximise the likeli-
hood,
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i.e., the probability of the joint event that X generates the data X. Because of the product
in Eq. 3, it is often simpler to use the log likelihood, £ = log L. The ML estimation
problem then can be written as:

I = argmax L(9¥|X) = argmax Z log p(x[9). @)
9 9 TeX

The common way to obtain the parameter estimates is to solve the system:
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! Derivation: p(9|X) - p(X) = p(X, D) = p(X|F) - p(F).



The probability of a new observation ¥ given the data X can now be found using the
approximation?:

PEHX) = f9 PG pI a9 ©)
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tpat is, the next sample is anticipated to be distributed with the estimated parameters
ﬁML-

As an example, consider a set C of N Bernoulli experiments with unknown param-
eter p, e.g., realised by tossing a deformed coin. The Bernoulli density function for the
r.v. C for one experiment is:

p(C=c|p) = p° (1 = p)'~* £ Bern(c|p) ®)

where we define c=1 for heads and ¢=0 for tails>.
Building an ML estimator for the parameter p can be done by expressing the (log)
likelihood as a function of the data:

N N
L=log[ | p(C=cilp) = ) log p(C=cilp) ©
i=1 i=1

nVlog p(C=11p) + n” log p(C=0lp)
=nDlogp +n?log(1 - p) (10)

where n' is the number of times a Bernoulli experiment yielded event c. Differentiating
with respect to (w.r.t.) the parameter p yields:
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which is simply the ratio of heads results to the total number of samples. To put some
numbers into the example, we could imagine that our coin is strongly deformed, and

after 20 trials, we have n"'=12 times heads and n(?=8 times tails. This results in an ML
estimation of of py = 12/20 = 0.6.

1)

2.2 Maximum a posteriori estimation

Maximum a posteriori (MAP) estimation is very similar to ML estimation but allows
to include some a priori belief on the parameters by weighting them with a prior dis-
tribution p(#). The name derives from the objective to maximise the posterior of the
parameters given the data:

Omap = argmax p(9|X). (12)
0

2 The ML estimate dyy is considered a constant, and the integral over the parameters given the
data is the total probability that integrates to one.

3 The notation in Eq. 8 is somewhat peculiar because it makes use of the values of ¢ to “filter”
the respective parts in the density function and additionally uses these numbers to represent
disjoint events.



By using Bayes’ rule (Eq. 1), this can be rewritten to:

Pp(X[9)p()
p(X)
= argmax p(X|9)p(#) = argmax {L(IX) + log p(3)}
9 o

Omap = argmax ‘ P(X) % f(9)
9

= 1 ) 1 M. 13
arg?ax{g og p(xlf) + log p(9)] (13)

Compared to Eq. 4, a prior distribution is added to the likelihood. In practice, the prior
p(¥) can be used to encode extra knowledge as well as to prevent overfitting by enforc-
ing preference to simpler models, which is also called Occam’s razor*.

With the incorporation of p(¢), MAP follows the Bayesian approach to data mod-
elling where the parameters ¢ are thought of as r.v.s. With priors that are parametrised
themselves, i.e., p(¢#) := p(J|@) with hyperparameters «, the belief in the anticipated
values of @ can be expressed within the framework of probability®, and a hierarchy of
parameters is created.

MAP parameter estimates can be found by maximising the term L(9|X) + log p(:9),
similar to Eq. 5. Analogous to Eq. 7, the probability of a new observation, ¥, given the
data, X, can be approximated using:

p(EIX) ~ f P(&iap) pIIX) d = p(&{Duap). (14)
Jed

Returning to the simplistic demonstration on ML, we can give an example for the
MAP estimator. Consider the above experiment, but now there are values for p that
we believe to be more likely, e.g., we believe that a coin usually is fair. This can be
expressed as a prior distribution that has a high probability around 0.5. We choose the
beta distribution:

1
B(a.p)

p(pla,p) = p*'(1 - pf! £ Beta(ple, p), (15)

with the beta function B(a,) = FF(ZEE%) The function I'(x) is the Gamma function,
which can be understood as a generalisation of the factorial to the domain of real num-
bers via the identity x! = I'(x + 1). The beta distribution supports the interval [0,1] and
therefore is useful to generate normalised probability values. For a graphical represen-
tation of the beta probability density function (pdf), see Fig. 1. As can be seen, with
different parameters the distribution takes on quite different pdfs.

In our example, we believe in a fair coin and set « = 8 = 5, which results in a
distribution with a mode (maximum) at 0.5. The optimisation problem now becomes

4 Pluralitas non est ponenda sine necessitate = Plurality should not be posited without necessity.
Occam’s razor is also called the principle of parsimony.

3 Belief is not identical to probability, which is one of the reasons why Bayesian approaches are
disputed by some theorists despite their practical importance.
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Fig. 1. Density functions of the beta distribution with different symmetric and asymmetric
parametrisations.

(cf. Eq. 11):
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This result is interesting in two aspects. The first one is the changed behaviour of the
estimate pyap W.r.t. the counts n'©: their influence on the estimate is reduced by the
additive values that “pull” the value towards pyap = 4/8 = 0.5. The higher the values
of the hyperparameters @ and 3, the more actual observations are necessary to revise the
belief expressed by them. The second interesting aspect is the exclusive appearance of
the sums n'"” + @ — 1 and n©@ + B — 1: It is irrelevant whether the counts actually derive
from actual observations or prior belief expressed as hypervariables. This is why the hy-
perparameters « and S are often referred to as pseudo-counts. The higher pseudo-counts
exist, the sharper the beta distribution is concentrated around its maximum. Again, we
observe in 20 trials n(V=12 times heads and n(”’=8 times tails. This results in an MAP
estimation of pyap = 16/28 = 0.571, which in comparison to py = 0.6 shows the
influence of the prior belief of the “fairness” of the coin.

2.3 Bayesian estimation

Bayesian estimation extends the MAP approach by allowing a distribution over the pa-
rameter set ¢ instead of making a direct estimate. Not only encodes this the maximum
(a posteriori) value of the data-generated parameters, but it also incorporates expec-
tation as another parameter estimate as well as variance information as a measure of
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estimation quality or confidence. The main step in this approach is the calculation of
the posterior according to Bayes’ rule:

PX|P) - p()

9X) =
p1X) %)

(18)
As we do not restrict the calculation to finding a maximum, it is necessary to calculate
the normalisation term, i.e., the probability of the “evidence”, p(X), in Eq. 18. Its value
can be expressed by the total probability w.r.t. the parameters®:

p(X) = f,; @p(Xlﬁ)p(ﬁ)dﬂ' 19)

As new data are observed, the posterior in Eq. 18 is automatically adjusted and can
eventually be analysed for its statistics. However, often the normalisation integral in
Eq. 19 is the intricate part of Bayesian estimation, which will be treated further below.

In the prediction problem, the Bayesian approach extends MAP by ensuring an
exact equality in Eq. 14, which then becomes:

mmw=£@mwmeMﬁ 20)
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Here the posterior p(#|X) replaces an explicit calculation of parameter values . By
integration over ¢, the prior belief is automatically incorporated into the prediction,
which itself is a distribution over X and can again be analysed w.r.t. confidence, e.g., via
its variance.

As an example, we build a Bayesian estimator for the above situation of having N
Bernoulli observations and a prior belief that is expressed by a beta distribution with
parameters (5,5), as in the MAP example. In addition to the maximum a posteriori
value, we want the expected value of the now-random parameter p and a measure of
estimation confidence. Including the prior belief, we obtain’:

1Y, p(C=cilp) p(pla.p)

ppIC.a.p) = ——— (22)

o TIX, p(C=cilp) p(ple.p)dp
pn(l)(l - P)n(O) B(;ﬁ)pa—l(l - P)ﬁ_l

= (23)

z
_ p[n“)Jra]—l(l _ p)[n(O)Jrﬂ]—l
= (24)
B(n® + a,n® + B)
= Beta(pln'" + @, n? + B) (25)

6 This marginalisation is why evidence is also refered to as “marginal likelihood”. The integral
is used here as a generalisation for continuous and discrete sample spaces, where the latter
require sums.

7 The marginal likelihood Z in the denominator is simply determined by the normalisation con-
straint of the beta distribution.
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Fig. 2. Visualising the coin experiment.

The Beta(a, 8) distribution has mean, E{p|e, 8} = a(a + 8)~', and variance, V{p|a, 8} =
af(a + B+ 1)7!(a + B)~2. Using these statistics, our estimation result is:

nD+a nD+5
E = = 26
trici MW+ +a+p N+10 (26)
nD + a)(n® + nD +5)n® +5
ViplC) = — A0V 4p) @450 +5) o7

(N+a+B+1D(N+a+p)? (N+I11)N +10)2

The expectation is not identical to the MAP estimate (see Eq. 17), which literally is
the maximum and not the expected value of the posterior. However, if the sums of
the counts and pseudo-counts become larger, both expectation and maximum converge.
With the 20 coin observations from the above example (=12 and n”’=8), we obtain
the situation depicted in Fig. 2. The Bayesian estimation values are E{p|C} = 17/30 =
0.567 and V{p|C} = 17 - 13/(31 - 30%) = 0.0079.

3 Conjugate distributions

Calculation of Bayesian models often becomes quite difficult, e.g., because the sum-
mations or integrals of the marginal likelihood are intractable or there are unknown
variables. Fortunately, the Bayesian approach leaves some freedom to the encoding of
prior belief, and a frequent strategy to facilitate model inference is to use conjugate
prior distributions.

3.1 Conjugacy

A conjugate prior, p(1#), of a likelihood, p(x|i#), is a distribution that results in a posterior
distribution, p(9}|x) with the same functional form as the prior (but different parameters).



The last example (Eq. 25 and above) illustrates this: The posterior turned out to be a
beta distribution like the prior, and the determination of the normalising term 1/Z was
simple.

In addition to calculational simplifications, conjugacy often results in meaningful
interpretations of hyperparameters, and in our beta—Bernoulli case, the resulting poste-
rior can be interpreted as the prior with the observation counts 1) added to the pseudo-
counts a and 3 (see Eq. 25).

Moreover, conjugate prior-likelihood pairs often allow to marginalise out the likeli-
hood parameters in closed form and thus express the likelihood of observations directly
in terms of hyperparameters. For the beta—Bernoulli case, this looks as follows®:

1
P(Clap) = fo (Clp) p(pla.B)dp 28)
- f | P e - P dp (29)
; B(.f)
1

1
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This result can be used to make predictions on the distribution of future Bernoulli tri-
als without explicit knowledge of the parameter p but from prior observations. This is
expressed with the predictive likelihood for a new observation®:

C=LClap) mi
~ p(c=1,Cla, TV +1+n0+a+p)
p@E=1IC,a,p) = T ¢y
nD+a)
p(Cla.f) T 2075
M 4
n a (33)
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There are a couple of important prior—likelihood pairs that can be used to simplify
Bayesian inference as described above. One important example related to the beta dis-
tribution is the binomial distribution, which gives the probability that exactly n") heads
from the N Bernoulli experiments with parameter p are observed:

(D

N
p(VIp, N) = ( <1>)P (1= p)"” £ Bin("|p, N) (34)
n

As the parameter p has the same meaning as with the Bernoulli distribution, it comes
not as a surprise that the conjugate prior on the parameter p of a binomial distribution is
a beta distribution, as well. Other distributions that count Bernoulli trials also fall into
this scheme, such as the negative-binomial distribution.

8 In the calculation, the identity of the beta integral, fOl x*(1 = x)?dx =B(a + 1,b + 1) is used,
also called Eulerian integral of the first kind.
° Here the identity I'(x + 1) = xI'(x) is used.



3.2 Multivariate case

The distributions considered so far handle outcomes of a binary experiment. If we gen-
eralise the number of possible events from 2 to a finite integer K, we can obtain a
K-dimensional Bernoulli or multinomial experiment, e.g., the roll of a die. If we re-
peat this experiment, we obtain a multinomial distribution of the counts of the observed
events (faces of the die), which generalises the binomial distribution:

K
i N n® s P
p(iHlp, N) = (ﬁ,) [ ]p = Multp, Ny (35)
k=1
with the multinomial coefficient (%’) = % Further, the elements of 7 and 7 follow

the constraints Y, px = 1 and Y, n® = N (cf. the terms (1 — p) and nV + n® = N in
the binary case).

The multinomial distribution governs the multivariate variable 77 with elements n*)
that count the occurrences of event k within N total trials, and the multinomial coeffi-
cient counts the number of configurations of individual trials that lead to the total.

A single multinomial trial generalises the Bernoulli distribution to a discrete cate-
gorical distribution:

K
pp) = | pi" = MuliGp, 1) (36)
k=1

where the count vector 7 is zero except for a single element n¥=1. Hence we can sim-
plify the product and replace the multivariate count vector by the index of the nonzero
element z as an alternative notation:

p(Ep) = p. = Mult(z] ), (37

which is identical to the general discrete distribution Disc(p). Introducing the multino-
mial r.v. C, the likelihood of N repetitions of a multinomial experiment (cf. Eq. 9), the
obervation set C, becomes:

K

N N
p@ip) = [Muc=zip =[ [ p. = [ " (38)
n=1 n=1

k=1

which is just the multinomial distribution with a missing normalising multinomial co-
efficient. This difference is due to the fact that we assume a sequence of outcomes of
the N experiments instead of getting the probability of a particular multinomial count
vector 7, which could be generated by (%’) different sequences C.'” In modelling text
observations, this last form of a repeated multinomial experiment is quite important.

For the parameters j of the multinomial distribution, the conjugate prior is the Dirichlet

10 In a binary setting, this corresponds to the difference between the observations from a repeated
Bernoulli trial and the probability of (any) n" successes, which is described by the binomial
distribution.
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Fig. 3. 2000 samples from a Dirichlet distribution Dir(4, 4, 2). The plot shows that all samples are
on a simplex embedded in the three-dimensional space, due to the constraint »;;, p, = 1.

distribution, which generalises the beta distribution from 2 to K dimensions:

L TEE ) P
(Pl@) = Dir(pl@) £ —— k (39)
p(pla ir(pla [E T gpk
IR [18m9 Ty
é o 9 A ¥ = T ) 40
3@ gpk @ ™ (40)

with parameters @ and the “Dirichlet delta function” A(@), which we introduce for no-
tational convenience'!. An example of a Dirichlet distribution can be seen in Fig. 3. In
many applications, a symmetric Dirichlet distribution is used, which is defined in terms
of a scalar parameter @ = ) a;/K and the dimension K:

. , T(Ka) 1 .
p(Pla, K) = Dir(pla, K) = r((T;IK) [ ! @
2| HK a1 _ T@)F
~ Ax(@) P Axl@) = IKa) (42)

' The function A(&) can be seen as a multidimensional extension to the beta function:
B(ay, @) = A({ay,as}). It comes as a surprise that this notation is not used in the litera-
ture, especially since A(@) can be shown to be the Dirichlet integral of the first kind for the
summation function f(Zx;)=1: A(@) = fZ»u-:l H,’-V xf"_l dvz, analogous to the beta integral:

B(a,az) = [} 2171 = 0™ du.
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3.3 Modelling text

Consider a set ‘W of N i.i.d. draws from a multinomial random variable W. This can
be imagined as drawing N words w from a vocabulary V of size V. The likelihood of
these samples is simply:

Vv \4

Vv
L) =pwip = [n", D =N > p=1, 43)
=1 t=1

t=1

where n” is the number of times term ¢ was observed as a word'2. This example is
the unigram model, which assumes a general distribution of terms of a vocabulary 7V,
Mult(z € V|p), where p is the probability that term 7 is observed as word w in a doc-
ument. The unigram model assumes just one likelihood for the entire text considered,
which is for instance useful for general assumptions about a language or corpus but
does not differentiate between any partial sets, e.g., documents. In addition, it is a per-
fect basis to develop more complex models.

Assuming conjugacy, the parameter vector 7 of the vocabulary can be modelled with
a Dirichlet distribution, § ~ Dir(j|@). Analogous to Eq. 25, we obtain the important
property of the Dirichlet posterior to merge multinomial observations ‘W with prior
pseudo-counts @:

1Y, pO¥IP) p(Pa)

PPN @ = T LV o) plicn a7 @
=1 ﬁ P (45)
z 7A@
1 . a,+n0-1
e ]_1[ P (46)
= Dir(F|&@ + ). (47)

Here the likelihood of the words H,,N=1 p(¥|P) was rewritten to that of repeated terms
HtV:l pw=t| 13’)”“) and the known normalisation of the Dirichlet distribution used. The
pseudo-count behaviour of the Dirichlet corresponds to the important Pélya urn scheme:
An urn contains W balls of V colours, and for each sample of a ball w, the ball is re-
placed and an additional ball of the same colour added (sampling with over-replacement).
That is, the Dirichlet exhibits a “rich get richer” or clustering behaviour.

It is often useful to model a new text in terms of the term counts from prior ob-
servations instead of some unigram statistics, j. This can be done using the Dirichlet
pseudo-counts hyperparameter and marginalising out the multinomial parameters

PWIE) = f W) pii) ' 48)
pe

12 Term refers to the element of a vocabulary, and word refers to the element of a document,
respectively. We refer to terms if the category in a multinomial is meant and to words if a
particular observation or count is meant. Thus a term can be instantiated by several words in a
text corpus.
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Compared to the binary case in Eq. 30, the integration limits are not [0,1] any more,
as the formulation of the multinomial distribution does not explicitly include the prob-
ability normalisation constraint )}, py=1. With this constraint added, the integration
domain # becomes a plane (K — 1)-simplex embedded in the K-dimensional space that
is bounded by the lines connecting points p;=1 on the axis of each dimension k — see
Fig. 3 for three dimensions.'3

N
pWI@) = f [ [MultW=w,|5, 1) Dir(5@) dp (49)
PP -1
\4
n(‘) a, —1 V>
= " v dvp (50)
fﬁep ]_,[ A( 71
1 v )
n+a,—-1 4V > ..
= — i d i 51
A(C_l”) Lep 1:1[]7‘, )4 D1rchletf 51
A@+a@) NV
=— ={nV 52
A@) , fn={n }v:I (52)

Similar to the beta—Bernoulli case, the result states a distribution over terms observed
as words given a pseudo-count of terms already observed, without any other statistics.
More importantly, a similar marginalisation of a parameter is central for the formulation
of posterior inference in LDA further below. The distribution in Eq. 52 has also been
called the Dirichlet—-multinomial distribution or Pélya distribution.

4 Bayesian networks and generative models

This section reviews two closely connected methodologies to express probabilistic be-
haviour of a system or phenomenon: Bayesian networks, where conditional statistical
independence is an important aspect, and generative models that can be used to intu-
itively express observations in terms of random distributions.

4.1 Bayesian networks

Bayesian networks (BNs) are a formal graphical language to express the behaviour (the
joint distribution) of a system model in terms of random variables and their depen-
dencies. They are a special case of Graphical Models, an important methodology in
machine learning [MurpO1].

13 In the calculation, we use the Dirichlet integral of the first kind (over simplex 7°):

N N
]: f(Z li)l_[t;”_l dr= II?(ZF( ')f fr )T(Z a-1 4z
teT 7 i

A((Y)
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By only considering the most relevant dependency relations, inference calculations
are considerably simplified — compared to assuming dependency between all variables,
which is exponentially complex w.r.t. their number.

A Bayesian network forms a directed acyclical graph (DAG) with nodes that cor-
respond to random variables and edges that correspond to conditional probability dis-
tributions, where the condition variable at the origin of an edge is called a parent node
and the dependent variable at the end of the edge a child node. Bayesian networks dis-
tinguish between observed variables, which correspond to evidence nodes, and hidden
variables, which correspond to hidden nodes. In Fig. 4.2, two BN are presented.

Independence between variables can be determined from the topology of the graph.
However, the relevant indepencence property is conditional independence: Two vari-
ables X and Y are conditionally independent given a condition Z, symbolically X 1 Y|Z,
if p(X, Y|Z2) = p(X|Z) - p(Y|Z). A verbal explanation of conditional independence is that
knowing Z, any information about the variable X does not add to the information about
Y and vice versa. Here information can consist either of observations or parameters.

In a Bayesian network, the general rule is that a variable is conditionally indepen-
dent of all variables outside of its Markov blanket, a subgraph of the BN defined as
the set of a node’s parents, its children, and its children’s parents (co-parents). Within
the Markov blanket of a node, conditional independence can be determined by assess-
ing the criterion of new information from above. Alternatively, there is a method called
“Bayes ball” that formalises these considerations [Murp01].'*

In many models, conditionally independent replications of nodes exist that share
parents and/or children, e.g., to account for multiple values or mixture components. In
this case, conditional independence is equivalent to exchangeability, which is the prop-
erty of a set of nodes n; to be invariant to permutation of their indices i. As a graphical
representation, so-called plates exist, which surround the subset of exchangeable nodes
and have a replication count.

All elements of the graphical language can be seen in the Dirichlet—-multinomial
model shown in the last section whose corresponding BN is shown in Fig. 4(a). The
double circle around the variable w={w,} denotes an evidence node, i.e., an observed
variable, and the surrounding plate indicates the N i.i.d. trials. The unknown variables
P and & can be distinguished into a multivariate parameter @, which is to be estimated,
and a hidden variable 7, which is to be handled in some way. The network shows that
the observations w and hyperparameters @ are conditionally independent given the pa-
rameters p.

Generative models.

14 We can summarise rules equivalent to Bayes ball for common settings: Consider adding a new
node to a set of independent nodes. Then, looking at the new structure, conditional dependence
given the new node is introduced (1) for the parents of a new evidence node, (2) for the children
of a new hidden node and (3) for the neighbours of a new hidden transitive node (with a parent
and a child node). For the same situations, conditional independence given the new node is
preserved if we exchange between new node status “evidence” and “hidden”.
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Fig. 4. Bayesian networks (a) of the Dirichlet-multinomial unigram model, and (b) of latent
Dirichlet allocation.

4.2 Generative models

The advantage of Bayesian networks is that they provide an often intuitive descrip-
tion of an observed phenomenon as a so-called generative model, which states how the
observations could have been generated by realisations of r.v.s (samples) and their prop-
agation along the directed edges of the network. Variable dependencies and edges can
often be justified by causal relationships which re-enact a real phenomenon or are used
as a artificial variables.

For the simple case of the Dirichlet-multinomial model, the generative model of a
unigram (word) looks as follows:

P ~ Dir(pla) (53)
w ~ Mult(w|p) (54)

This means, a vector of parameters g is sampled from a Dirichlet distribution, and
afterwards a word w is sampled from the multinomial with parameters p. The task of
Bayesian inference is to “invert” generative models and “generate” parameter values
from given observations, trying to cope with any hidden variables. For the example
model, this has been shown in Eq. 52, where the hidden variable j was handled by
integrating it out. However, only in special cases is it possible to derive the complete
posterior this way, and in the next section we will see how inference in a more complex
model like LDA can be done.

5 Latent Dirichlet allocation

Latent Dirichlet allocation (LDA) by Blei et al. [BNJO2] is a probabilistic generative
model that can be used to estimate the properties of multinomial observations by unsu-
pervised learning. With respect to text modelling, LDA is a method to perform so-called
latent semantic analysis (LSA). The intuition behind LSA is to find the latent structure
of “topics” or “concepts” in a text corpus, which captures the meaning of the text that
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is imagined to be obscured by “word choice” noise. The term latent semantic analy-
sis has been coined by Deerwester et al. [DDL*90] who empirically showed that the
co-occurrence structure of terms in text documents can be used to recover this latent
topic structure, notably without any usage of background knowledge. In turn, latent-
topic representations of text allow modelling of linguistic phenomena like synonymy
and polysemy. This allows information retrieval systems to represent text in a way suit-
able for matching user needs (queries) with content items on a meaning level rather than
by lexical congruence.

LDA is a model closely linked to the probabilistic latent semantic analysis (PLSA)
by Hofmann [Hofm99], an application of the latent aspect method to the latent semantic
analysis task. More specifically, LDA extends PLSA method by defining a complete
generative model [BNJ02], and Girolami and Kaban showed that LDA with a uniform
prior Dir(1) is a full Bayesian estimator for the same model for which PLSA provides
an ML or MAP estimator [GiKa03].

5.1 Mixture modelling

LDA is a mixture model, i.e., it uses a convex combination of a set of component distri-
butions to model observations. A convex combination is a weighted sum whose weight-
ing proportion coefficients sum to one. In LDA, a word w is generated from a convex
combination of topics z. In such a mixture model, the probability that a word w instan-
tiates term ¢ is:

pw=n) = )" pw=tlz=R)p(z=k), Y p(z=k) = 1 (55)
k k

where each mixture component p(w=t|z=k) is a multinomial distribution over terms
(cf. the unigram model above) that corresponds to one of the latent topics z=k of the
text corpus. The mixture proportion consists of the topic probabilities p(z=k). However,
LDA goes a step beyond a global topic proportion and conditions the topic probabilities
on the document a word belongs to. Based on this, we can formulate the main objectives
of LDA inference: to find (1) the term distribution p(z]z=k) = @, for each topic k and
(2) the topic distribution p(z|d=m) = 5),,1 for each document m. The estimated parameter
sets @ = {@’k},’f:1 and @ = {5,,,},’:,4:1 are the basis for latent-semantic representation of
words and documents.

5.2 Generative model

To derive an inference strategy, we view LDA as a generative model. Consider the
Bayesian network of LDA shown in Fig. 4(b). This can be interpreted as follows: LDA
generates a stream of observable words wy, ,, partitioned into documents w,,. For each
of these documents, a topic proportion &, is drawn, and from this, topic-specific words
are emitted. That is, for each word, a topic indicator z,,, is sampled according to the
document-specific mixture proportion, and then the corresponding topic-specific term
distribution &,,, used to draw a word. The topics @ are sampled once for the entire
corpus.
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= “topic plate”
for all topics k € [1, K] do
sample mixture components @ ~ Dir(5)
end for
& “document plate’:
for all documents m € [1, M] do
sample mixture proportion 5,,, ~ Dir(&)
sample document length N,, ~ Poiss(¢)
= “word plate”:
for all words n € [1, N,,] in document m do
sample topic index z,,,, ~ Mult(ﬁ,,,)
sample term for word w,,, ~ Mult(¢&,, )
end for
end for

Fig. 5. Generative model for latent Dirichlet allocation

Because LDA leaves flexibility to assign a different topic to every observed word
(and a different proportion of topics for every document), the model is not only referred
to as a mixture model, but in fact as an admixture model. In genetics, admixture refers
to a mixture whose components are itself mixtures of different features. Bayesian mod-
elling of admixture for discrete data was notably done by Pritchard et al. [PSDOO0] to
model population genetics even before LDA was proposed for text.

The complete (annotated) generative model [BNJ02] is presented in Fig. 14. Fig.
5.2 gives a list of all involved quantities.

M number of documents to generate (const scalar).

K number of topics / mixture components (const scalar).

V' number of terms ¢ in vocabulary (const scalar).

@ hyperparameter on the mixing proportions (K-vector or scalar if symmetric).

ﬁ hyperparameter on the mixture components (V-vector or scalar if symmetric).

. parameter notation for p(zld=m), the topic mixture proportion for document m. One propor-
tion for each document, @ = {5,,,}{;4:1 (M x K matrix).

@ parameter notation for p(z|z=k), the mixture component of topic k. One component for each
topic, @ = {@G}E | (K x V matrix).

N,, document length (document-specific), here modelled with a Poisson distribution [BNJ02]
with constant parameter &.

Zm,» Mixture indicator that chooses the topic for the nth word in document .

Wm,, term indicator for the nth word in document .

Fig. 6. Quantities in the model of latent Dirichlet allocation



17

5.3 Likelihoods

According to the model, the probability that a word w,, , instantiates a particular term ¢
given the LDA parameters is:

K
PO p =0, ) = " PO n=1GO PG =kI,), (56)
k=1

which is just another formulation of the mixture model in Eq. 55 and corresponds to one
iteration on the word plate of the Bayesian network. From the topology of the Bayesian
network, we can further specify the complete-data likelihood of a document, i.e., the
joint distribution of all known and hidden variables given the hyperparameters:

document plate (1 document)

Nin
PG Zons B D18, B) = [ | POVl PGl Bo) - PGl - p(@IB) . (57)
n=1 S~——

topic plate

word plate

To specify this distribution is often simple and useful as a basis for other derivations.
So we can obtain the likelihood of a document w,,, i.e., of the joint event of all words
occurring, as one of its marginal distributions by integrating out the distributions .
and @ and summing OVer z,,:

N
pinld By = [ [ pBaidr p@B)- [ | Y psnafe oGl a2 ad,  (58)
n=1 Zmn

m

N,
: f f p@nl@) - p(@B) - | | pwin sl @) ddF,, (59)
n=1

Finally, the likelihood of the complete corpus ‘W = {vT/’,,,}f‘}fz1 is determined by the prod-
uct of the likelihoods of the independent documents:

-

M
pWIE.p) = [ | p(ld. B). (60)
m=1

5.4 Inference via Gibbs sampling

Although latent Dirichlet allocation is still a relatively simple model, exact inference is
generally intractable. The solution to this is to use approximate inference algorithms,
such as mean-field variational expectation maximisation [BNJO2], expectation propa-
gation [MiLa02], and Gibbs sampling [Grif02,GrSt04,PSDO00].

Gibbs sampling is a special case of Markov-chain Monte Carlo (MCMC) simu-
lation [MacKO03,Liu01] and often yields relatively simple algorithms for approximate
inference in high-dimensional models such as LDA. Therefore we select this approach
and present a derivation that is more detailed than the original one by Griffiths and
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Steyvers [Grif02,GrSt04]. An alternative approach to Gibbs sampling in an LDA-like
model is due to Pritchard et al. [PSD00] that actually pre-empted LDA in its interpre-
tation of admixture modelling and formulated a direct Gibbs sampling algorithm for a
model comparable to Bayesian PLSA 13,

MCMC methods can emulate high-dimensional probability distributions p(X) by the
stationary behaviour of a Markov chain. This means that one sample is generated for
each transition in the chain after a stationary state of the chain has been reached, which
happens after a so-called “burn-in period” that eliminates the influence of initialisation
parameters. Gibbs sampling is a special case of MCMC where the dimensions x; of the
distribution are sampled alternately one at a time, conditioned on the values of all other
dimensions, which we denote ¥_,;. The algorithm works as follows:

1. choose dimension i (random or by permutation'¢)
2. sample x; from p(x;|X;).

To build a Gibbs sampler, the univariate conditionals (or full conditionals) p(x;|X-;)
must be found, which is possible using:

p(x)
[ p(®dx;

For models that contain hidden variables Z, their posterior given the evidence, p(Z%),
is a distribution commonly wanted. With Eq. 61, the general formulation of a Gibbs
sampler for such latent-variable models becomes:

p(zilZai, X) = P X)
k

p(xilx.;) = with ¥ = {x;, X} (61)

_ 62
p(Z, %) dz; ©2

where the integral changes to a sum for discrete variables. With a sufficient number of
samples Z,, r € [1, R], the latent-variable posterior can be approximated using:

R
1 -
~—= > 6Z-2), 63
pEAD) ~ Z} @-2) (63)
with the Kronecker delta 6(i¥) = {1 if #=0; 0 otherwise}.

5.5 The collapsed LDA Gibbs sampler

To derive a Gibbs sampler for LDA, we apply the hidden-variable method from above.
The hidden variables in our model are z,,,, i.¢., the topics that appear with the words of
the corpus w,, ,. We do not need to include, i.e., can integrate out, the parameter sets ©
and @ because they are just the statistics of the associations between the observed w,, ,
and the corresponding z,,,, the state variables of the Markov chain. This approach is
often referred to as “collapsed” Gibbs sampling.

15 This work is lesser known in the text modelling field due to its application in genetics, which
uses different notation and terminology.
16 Lju [Liu01] calls these variants random-scan and systematic-scan Gibbs samplers.
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@ initialisation
zero all count variables, n2, n,,, n%", n.
for all documents m € [1, M] do
for all words n € [1, N,,] in document m do
sample topic index z,,,, ~ Mult(1/K)
increment document—topic count: nf;? +1
increment document—topic sum: n,, + 1
increment topic—term count: n(;) +1
increment topic—term sum: n, + 1
end for
end for
= Gibbs sampling over burn-in period and sampling period
while not finished do
for all documents m € [1, M] do
for all words n € [1, N,,] in document m do
@ for the current assignment of z to a term 7 for word w,, ,:
decrement counts and sums: n,(,,Z) -1;n, — l;ng) -1l;n,—1
& multinomial sampling acc. to Eq. 79 (decrements from previous step):
sample topic index Z ~ p(z|Z-;, W)
@ use the new assignment of z to the term ¢ for word w,,, to:
increment counts and sums: nE;) +1;n, + 1;n§’) +1;n:+ 1
end for
end for
@ check convergence and read out parameters
if converged and L sampling iterations since last read out then
o the different parameters read outs are averaged.
read out parameter set @ according to Eq. 84
read out parameter set @ according to Eq. 85
end if
end while

Fig. 7. Gibbs sampling algorithm for latent Dirichlet allocation

We first show the complexity of calculating p(Z]w). This distribution is directly pro-
portional to the joint distribution:

I (U39

p@w) S 05,9 64
where we use unindexed vectors w and 7 to denote the complete corpus and omitted the
hyperparameters. The distribution covers a large space of discrete random variables,
and the difficult part for evaluation is its denominator, which represents a summation
over KW terms [GrSt04]. At this point, the Gibbs sampling procedure comes into play.
In our setting, the desired Gibbs sampler runs a Markov chain that uses the full condi-
tional p(z;|Z-;, W) in order to simulate p(ZJw). We can obtain the full conditional via the
hidden-variable approach by evaluating Eq. 62, which requires to formulate the joint
distribution.
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Joint distribution. In LDA, this joint distribution can be factored:
pO¥.A@.B) = pOiiZ. Bp(@ad), (65)

because the first term is independent of @ due to the conditional independence of w
and « given z, and the second term is independent of ﬁ Both elements of the joint
distribution can now be handled separately. The first term, p(w|z), can be derived from
a multinomial on the observed word counts given the associated topics:

w
pORZ, @) = [ | ez (66)

i=1

That is, the W words of the corpus are observed according to independent multinomial
trials!” with parameters conditioned on the topic indices z;. We can now split the product
over words into one product over topics and one over the vocabulary, separating the
contributions of the topics:

K Vv
po @ = [[]¢ (67)

z=1 t=1

where we use the notation n?m to denote the number of times that term 7 has been
observed with topic z. The target distribution p(#(Z,3) is obtained by integrating over
@, which can be done componentwise using Dirichlet integrals within the product over
bat

POFEB) = f PR, B) p(Dlf) dd 68)
£ 1 d n. >+ﬁ -1 ;5
=f]—[ ﬁl_[so dg (69)
=1 AP) 1o
£ A( n; + _)) = (V
= A—(ﬁ) i, ={n"},_,. (70)
z=1

This can be interpreted as a product of K Dirichlet-multinomial models (cf. Eq. 52),
representing the corpus by K separate “topic texts”.

Analogous to p(w|Z, E), the topic distribution p(Z)@) can be derived, starting with the
conditional and rewriting its parameters into two products, separating the contributions

of the documents:
p0) = ]_[ P ]—[ ]_[ o (1)

m=1 z=1

where the notation d; refers to the document a word i belongs to and n,,, refers to the
number of times that topic z has been observed with a word of document m. Integrating

17 Omitting the multinomial coefficient corresponds to the bag-of-words assumption that neglects
any sequential information of the document words.
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out O, we obtain:

(@A) = f p(A6) p(6ld) 4O 72)
—;ffﬁ ! fﬁﬁﬁ”%*dﬁ (73)

1 A(C_U) L] m,z m
- l_[ M 4

The joint distribution therefore becomes:

K

, AGE.+f) 17 Al + @)
| ’ ) 1:1[ A@) m=1 A(&)

M

(75)

Full conditional. From the joint distribution, we can derive the full conditional dis-
tribution, i.e., the update equation from which the Gibbs sampler draws the hidden
variable:'®

p@W) _ p0D)  p@

p(zilZ=i W) = - = (76)
o PZaisW)  pORZ)  p(Ead)
A, + B) - Aty + @
_ ﬁ( 2 li) (—)m )ﬁ a7
A(nz,—'i +ﬁ) . A(nm,—\i + a')
(" +4,) @y +ar)
__ el W8 TEK, nf+a,) (78)
Lol -1+4) _ Tg—1+a)
(Vi +61-D  TAZK, nd+a.1-1)
(t) 2)
i +ﬁt n__ + a;
Z 1 m, i (79)

A SRy S 2K, 0 +an] - 1

)

where the counts n__; indicate that the word or topic with index i is excluded.

Finally, we need to relate the required parameters © and @ to the statistics of the
Markov chain. We can do this by predicting the distribution of topics for new obser-
vations based on the current state of the Markov chain. More specifically, we evaluate
the distribution of a new topic—word pair (Z=k, w=r) that is observed in a document

18 Considering the distribution in Eq. 75, only the terms of the products over m and z remain that
contain the index i, all others cancel out. Further, the identity I'(x) = (x — 1)['(x — 1) is used.
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d(W)=d(Z)=m, given the state (7, w):'°
p(E=k, w=t1Z, W) = p(W=t|Z=k; Z, W) - p(Z=k|Z, W) (80)
_ Pk W52 W) @1)
p(EZW)
T +148) T +1+ap)
T, n+146,) DK nd+1+ay) 82)
- TeP+6) T+
LR, n+8)  T(EE, nf+ar)
() k
— nk +ﬁt nfn) + @ (83)

) "KL :
v=1 " + By Zzzlnm +a;

Multinomial parameters. With the definitions @ = p(W|Z) and O = p(Zld(2)), we can
interpret the factor p(W=t|Z=k; Z, W) as the parameter ¢, and the factor p(Z=k|Z, W) as
the parameter 9,,, where m is implicitly given as the document d(%):

3
nL) + B
‘pkl = v )
v=1 ”JEV) +ﬁ"
nﬁ,]f) + ay

K @ '
22:1 Ny + @

(84)

Tk = (85)

Using Egs. 79, 84 and 85, the Gibbs sampling procedure in Fig. 30 can be run.

The procedure itself uses only five larger data structures, the count variables n and

né’), which have dimension M x K and K X V respectively, their row sums n,, and n,
with dimension M and K, as well as the state variable z,,,, with dimension W.2° The
Gibbs sampling algorithm runs over the three periods: initialisation, burn-in and sam-
pling. However, to determine the required lengths of the burn-in is one of the drawbacks
with MCMC approaches. There are several criteria to check that the Markov chain has
converged (see [Liu0O1]), and we manually check how well the parameters cluster se-
mantically related words and documents for different corpora and use these values as
estimates for comparable settings.

To obtain the resulting model parameters from a Gibbs sampler, several approaches
exist. One is to just use only one read out, another is to average a number of samples,
and often it is desirable to leave an interval of L iteration between subsequent read-outs
to obtain decorrelated states of the Markov chain. This interval is often called “thin
interval” or sampling lag.

6 LDA hyperparameters

In Section 5, values of the Dirichlet parameters have been assumed to be known. These
hyperparameters, however, significantly influence the behaviour of the LDA model, as

19 Cf. Eq. 79. Here only the counts of the current topic—word and document—topic associations
(k, t) and (m, k) create terms that do not cancel out.
20 The sum n,, is just the document length.
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can be seen for instance from Eqgs. 70 and 74, as well as by observing the different
shapes of the Dirichlet density: For K=2, this corresponds to the beta density plotted
in Fig. 1. Typically, in LDA symmetric Dirichlet priors are used, which means that
the a priori assumption of the model is that all topics have the same chance of being
assigned to a document and all words (frequent and infrequent ones) have the same
chance of being assigned to a topic. This section gives an overview of the meaning of
the hyperparameters and suggests a method to estimate their scalar values from data.

6.1 Interpretations

Dirichlet hyperparameters generally have a smoothing effect on multinomial parame-
ters. Reducing this smoothing effect in LDA by lowering the values of @ and S will
result in more decisive topic associations, thus @ and @ will become sparser. Sparsity
of @, controlled by 8, means that the model prefers to assign few terms to each topic,
which again may influence the number of topics that the model assumes to be inherent
in the data. This is related to how “similar” words need to be (that is, how often they
need to co-occur across different contexts’!) to find themselves assigned to the same
topic. That is, for sparse topics, the model will fit better to the data if K is set higher be-
cause the model is reluctant to assign several topics to a given term. This is one reason
why in models that learn K, such as non-parametric Bayesian approaches [TIB*06], K
strongly depends on the hyperparameters. Sparsity of @, controlled by @, means that
the model prefers to characterise documents by few topics.

As the relationship between hyperparameters, topic number and model behaviour is
a mutual one, it can be used for synthesis of models with specific properties, as well as
for analysis of features inherent in the data. Heuristically, good model quality (see next
section for analysis methods) has been reported for @ = 50/K and 8 = 0.01 [GrSt04].
On the other hand, learning o and 8 from the data can be used to increase model quality
(w.r.t. to the objective of the estimation method), given the number of topics K. Fur-
ther, hyperparameter estimates may reveal specific properties of the data set modelled.
The estimate for @ is an indicator of how different documents are in terms of their
(latent) semantics, and the estimate for S suggests how large the groups of commonly
co-occurring words are. However, the interpretation of estimated hyperparameters is
not always simple, and the influence of specific constellations of document content has
not yet been thoroughly investigated.

6.2 Sampling

Several approaches to learn Dirichlet parameter vectors @ from data are known, but un-
fortunately no exact closed-form solution exists. The most exact approaches are iterative
approximations. For a comprehensive overview, see [Mink00]. In fact, the best way of
learning Dirichlet parameters would be to use the information already available from
the (collapsed) Gibbs sampler (see Eq. 79), i.e., the count statistics of the topic associ-
ations instead of the multinomial parameters & and @, which are integrated out. This

21 Latent topics often result from higher-order co-occurrence, i.e., t; co-occurring with #, that
co-occurrs with #; represents a second-order co-occurrence between #, and #3, and so on.
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means hyperparameters are best estimated as parameters of the Dirichlet—-multinomial
distribution (see Eq. 52).

For symmetric Dirichlet distributions more common for LDA, estimators for @ and
B that work well in Gibbs samplers are not explicitly found in the literature. There-
fore a Bayesian approach is suggested here. As the Dirichlet distribution has no conju-
gate prior distribution that would ease calculations, there is no natural choice of prior.
However, a prior commonly used with Dirichlet processes is the gamma distribution,
Gam(ala, b) o« a* e, This choice is applied to Dirichlet distributions here.

The full conditional for Gibbs sampling of @ can be obtained by:

p(?) o« p(a)p(e) (86)
I~ A(ﬁm + a) a-1 _—ba
1_[ —ae e (87)

m

which uses p(f@) from Eq. 74 with @ = {a'}lIf:1 and is parametrised on the shape a
and scale b of the gamma distribution. These parameters can be chosen according to
prior knowledge on the likely range of @ and . A specific parameter set is the “refer-
ence” prior, Gam(a|0,0) o 1/@ noted in [EsWe95] (which has a singularity at @ = 0
and therefore parameters in practical implementations are set close to zero, e.g., 10710
[NGS*06)).

The full conditional for § is obtained analogously using Eq. 70:

pBIZ: W) o< p(ZB; W)p(B) (88)
o A(ﬁk +ﬁ) -1_-bB 89
[ am e )

Note that the distributions p(@|?) and p(B|Z; W) are directly parametrised on the count
statistics of the LDA Gibbs sampler. Values of @ and 8 can be sampled from these
distributions using Monte Carlo simulation, e.g., adaptive rejection sampling (ARS
[GiWi92]), a method that can sample from any log-concave density, (log )" < 0, which
is given for these distributions.

6.3 Efficient estimation

As an alternative to sampling, there exists an efficient non-iterative method that finds an
ML estimate of « via Dirichlet precision s = K. It is based on matching the moments
of the Dirichlet density with the moments of multinomial parameters [Mink00]. As the
parameters O are not directly accessible in the collapsed LDA Gibbs sampler, point
estimates are used, which can be obtained from the model count statistics via the ratios
n,(,]f) [ 2m n,(,]f). Using results of [Mink00], we have:

K _ 2
_ 13 B -E) ©0)
K2 £ E(92) — E(0,)?

1 M n® g
Py _ m
E{d} = _1(—25_1’1(,()) 1)

x|

& =

N
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This estimation method can be much faster than any iterative or sampling-based method
and empirically results in hyperparameter values that are less than 10% off the true
parameters (predominantly too low) if the condition {M, E{N}} > 20K is met. If not,
estimates drop strongly?2.

7 Analysing topic models

Topic models such as LDA estimate soft associations between latent topics and ob-
served entities, i.e., words, documents, but in model extensions also authors etc. These
associations are tbe basis for a number of operations relevant to information processing
and language modelling. In this section, we outline methods to use the topic structure of
a given corpus in order (1) to estimate the topic structure of unseen documents (query-
ing), (2) to estimate the quality of the clustering implied by the estimated topics and (3)
to infer new associations on the basis of the estimated ones, e.g., the similarity between
words or between documents or their authors. For this, the exemplary case of LDA is
used, which provides information about the topics present in documents — the parameter
set @ —, and the terms associated with these topics — the parameter set @.

7.1 Querying

Querying the LDA model is the operation to retrieve documents relevant to a query
docment. In topic models, there are two methods to perform ranking of result docu-
ments: (1) via similarity analysis and (2) via the predictive likelihood. Both depend on
the estimation of the topics of the query document or documents.

Query sampling. A query is simply a vector of words w, and we can find matches with
known documents by estimating the posterior distribution of topics 4 given the word
vector of the query W and the LDA model L(O, D): p(%]v?/’, L)= p(a;ﬁ, W, 2). Considering
w a document 7, this is the same as the right term of the predictive likelihood in Eq.
83 and consequently Eq. 85 for document 7. In order to find the required counts for
a complete new document, we can follow the approach of [Hofm99] or [SSR*04] to
run the inference algorithm on the new document exclusively, similar to Eq. 79. We
first initialise the algorithm by randomly assigning topics to words and then perform a
number of loops through the Gibbs sampling update (locally for the words i of 7iz):??

>

p(zl:klwl:t’ Z)—*l's Wais Z: W) =
® , 5O (k,~i)
ne + i + B ny U+ ag

Vo0, 0 TNk
o a +7 +81-1 (25,02 +a1-1

92)

22 This is why the method cannot be applied to 8, where typically K < V rather than K > 20V.
23 The formulation in Eq. 92 can as well be related to the parameters of the model, @ and @, using

Eqs. 84 and 85. Further, as a simplification of the sampler in Eq. 92, sampling can be performed

. . . .o - - - fod ~, W<Ww
ignoring the topic—term associations of the query, nffli. Then pZ;=klW;=t,Z-i, W-i; . W) —

PEi=khwi=t;Z,W).
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where the new variable fzg) counts the observations of term ¢ and topic k in the unseen
document. This equation gives a colourful example of the workings of Gibbs posterior
sampling: Word—topic associations ng) estimated highly will dominate the multinomial
masses compared to the contributions of fzg) and ng;), which are chosen randomly and
therefore unlikely to be clustered. Consequently, on repeatedly sampling from the dis-
tribution and updating of ng;), the masses of topic—word associations are propagated
into document—topic associations. Note the smoothing influence of the Dirichlet hyper-
parameters.

Applying Eq. 85 gives the topic distribution for the unknown document:

(k)

n.’ + Qg
_ m
ik = X o 93)
ZZ:I n, +a;

This querying procedure is applicable for complete collections of unknown docu-
ments, which is done by letting 7% range over the unknown documents.

Similarity ranking. In the similarity method, the topic distribution of the query doc-
ument(s) is estimated and appropriate similarity measures permit ranking. As the dis-
tribution over topics & now is in the same form as the rows of 0, we can compare
the query to the documents of the corpus. A simple measure is the Kullback-Leibler
divergence [KuLe51], which is defined between two discrete random variables X and
Y, as:

N
D (X|IY) = Y p(X=n) [log, p(X=n) - log, p(Y=n)] (94)

n=1

The KL divergence can be interpreted as the difference between the cross entropy of
HX|Y) = =3, p(X=n)log, p(Y=n) and the entropy of X, H(X) = - 3, p(X=n)log,
p(X=n), i.e., it is the information that knowledge of Y adds to the knowledge of X. Thus
only if both distributions X and Y are equal, the KL divergence becomes zero.

However, the KL divergence is not a distance measure proper because it is not sym-
metric. Thus alternatively, a smoothed, symmetrised extension, the Jensen-Shannon dis-
tance, can be used:

1
Dys(X1IY) = 5 [DxL(XIIM) + Dx(YIIM)] (95)

with the averaged variable M = %(X +7).
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Predictive likelihood ranking. The second approach to ranking is to calculate a pre-
dictive likelihood that the document of the corpus could be generated by the query:2*

K
POFalin) = D pOFulz=k) p(a=kli¥n) (96)

k=1
& D(z=kIW,) p(¥, .

- 3 PRIy ©7)
k=1
K n,

= D Ok O (98)
k=1

where n,, is the length of document m and ny is the corpus-wide total of word associa-
tions to topic k, both known from the Gibbs sampler. Intuitively, Eq. 98 is a weighted
scalar product between topic vectors that penalises short documents and strong topics.

7.2 Clustering

Often it is of importance to cluster documents or terms. As mentioned above, the LDA
model already provides a soft clustering of the documents and of the terms of a corpus
by associating them to topics. To use this clustering information requires the evaluation
of similarity, and in the last section, the similarity between a query document and the
corpus documents was computed using the Kullback Leibler divergence. This measure
can be applied to the distributions of words over topics as well as to the distribution
of topics over documents in general, which reveals the internal similarity pattern of the
corpus according to its latent semantic structure.

In addition to determining similarities, the evaluation of clustering quality is of par-
ticular interest for topic models like LDA. In principle, evaluation can be done by sub-
jective judgement of the estimated word and document similarities. A more objective
evaluation, however, is the comparison of the estimated model to an a priori categori-
sation for a given corpus as a reference’. Among the different methods to compare
clusterings, we will show the Variation of Information distance (VI-distance) that is
able to calculate the distance between soft or hard clusterings of different numbers of
classes and therefore provides maximum flexibility of application.

The VI distance measure has been proposed by Meila [Meil03], and it assumes
two distributions over classes for each document: p(c=j|d,,) and p(z=k|d,,) with class
labels (or topics) j € [1,J] and k € [1, K]. Averaging over the corpus yields the class
probabilities p(c=) = 1/M 3,, p(c=jld,) and p(z=k) = 1/M 5., p(z=Kld,y).

Similar clusterings tend to have co-occurring pairs (c=j, z=k) of high probability
p(-|d,). Conversely, dissimilarity corresponds to independence of the class distributions
for all documents, i.e., p(c=j, z=k) = p(c=j)p(z=k). To find the degree of similarity, we
can now apply the Kullback-Leibler divergence between the real distribution and the

24 Here Bayes’ rule is used as well as the unconditional document and topic probabilities p(w,,) =
n,/W and p(z = k) = ny /W because W = 3, n,, = X mi.
25 It is immediately clear that this is only as objective as the reference categorisation.
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distribution that assumes independence. In information theory, this corresponds to the
mutual information of the random variables C and Z that describe the event of observing
classes with documents in the two clusterings [Meil03,HKL*05]:

I(C,Z) = DxrL{p(c, 2llp(c)p(2)}
J K

p(c=Jj,z=k)[log, p(c=j,z=k) — log, p(c=j)p(z=k)] (99)
J=1 k=1

where the joint probability refers the corpus-wide average co-occurrence of class pairs
in documents, p(c=j,z=k) = ﬁ ZZ’:] p(c=jld)p(z=kld,,).

The mutual information between two random variables becomes 0 for independent
variables. Further, I(C,Z) < min{H(C), H(Z)} where H(C)= — 25:1 p(c=j)log, p(c=j)
is the entropy of C. This inequality becomes an equality I(C, Z)=H(C)=H(Z) if and
only if the two clusterings are equal. Meila used these properties to define the Variation
of Information cluster distance measure:

Dvi(C,Z) = H(C) + H(Z) - 2I(C, Z) (100)

and shows that Dvyi(C, Z) is a true metric, i.e., is always non-negative, becomes zero if
and only if C=Z, symmetric, and observes the triangle inequality, Dv(C, Z)+Dvi(Z, X) >
Dvi(C, X)[Meil03]. Further, the VI metric only depends on the proportions of cluster
assciations with data items, i.e., it is invariant to the absolute numbers of data items.

An application of the VI distance to LDA has been shown in [HKL*05], where the
document-topic associations @ of a corpus of between 20000 news stories are compared
to IPTC categories assigned manually to them.

7.3 Perplexity

A common criterion of clustering quality that does not require a priori categorisations
is perplexity, originally used in language modelling [AGRO03]. Perplexity is a measure
of the ability of a model to generalise to unseen data. It is defined as the reciprocal
geometric mean of the likelihood of a test corpus given the model:

M M =
P((W) = l_lp(v:'fm)’% = exp —M

(101)
m=1 Z%:] Nm

The predictive likelihood of a word vector can in principle be calculated by in-
tegrating out all parameters from the joint distribution of the word observations in a
document. For LDA, the likelihood of a text document of the test corpus p(W,,) can be
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directly expressed as a function of the parameters:

N K

P = [ | D pova=tlza=h) - p(au=kld=m) (102)

n=1 k=1
o)
m

K n,
(Z rs* Om ] (103)

k=

I}
||:|<:

V;
\4

1ogp(fvm)-z <">log(z¢kt mk) (104)

where 1Y is the number of times term 7 has been observed in document .

The common method to evaluate perplexity in topic models is to hold out test data
from the corpus to be trained and then test the estimated model on the held-out data®®
Higher values of perplexity indicate a higher misrepresentation of the words of the test
documents by the trained topics.

(v

7.4 Retrieval performance

Other standard quality metrics view topic models as information retrieval approaches,
which requires that it be possible to rank items for a given query, i.e., an unknown
document (see above). The most prominent retrieval measures are precision and recall
[BaRi99]. Recall is defined as the ratio between the number of retrieved relevant items
to the total number of existing relevant items. Precision is defined as the ratio between
the number of relevant items and the total of retrieved items. The goal is to maximise
both, but commonly they have antagonistic behaviour, i.e., trying to increase recall will
likely reduce precision. To compare different systems, combinations of precision P and
recall R metrics have been developed, such as the F; measure, F; = 2PR/(P+R), which
can also be generalised to a weighted F'; measure, F,, = (A1p+Ag)PR/(ApP+ AgR). With
the given weightings, the preferences to precision or recall can be adjusted. A direct
relation between precision and recall to perplexity and language models has been given
by Azzopardi et al. [AGRO3].

8 Conclusion

We have introduced the basic concepts of probabilistic estimation, such as the ML,
MAP and Bayesian parameter estimation approaches and have shown their behaviour
in the domain of discrete data, especially text. We have further introduced the princi-
ple of conjugate distributions as well as the graphical language of Bayesian networks.
With these preliminaries, we have presented the model of latent Dirichlet allocation
(LDA) and a complete derivation of approximate inference via Gibbs sampling, with a
discussion of hyperparameter estimation, which mostly is neglected in the literature.

26 This is often enhanced by cross-validation, where mutually exclusive subsets of the corpus are
used as hold-out data and the results averaged.
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The model of latent Dirichlet allocation can be considered the basic building block
of a general framework of probabilistic modeling of text and be used to develop more
sophisticated and application-oriented models, such as hierarchical models, models that
combine content and relational data (such as social networks) or models that include
multimedia features that are modeled in the Gaussian domain.
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